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Genetic distance measures

Quantitative traits: many alleles, each of small effect. GWAS
discovery of individual loci is hard.

But, phenotype differences must be associated with LARGE
number of genetic differences.

Investigate pairwise genetic distance as g score (or height) are
varied. Extract underlying genetic architecture:

1. Distribution of associated alleles dominated by small MAF
(Minor Allele Frequency)
2. More (−) than (+) minor alleles (MAF < 0.5)
3. Rough estimate of 10k causal alleles in total



Data sources and Results

ALSPAC: 4000 individuals, age 15 IQ; 2000 individuals, age 8 IQ
TEDS: 2400 individuals, age 12 IQ
ARIC: 5700 adult heights

ALSPAC: 488k SNPs on chip. Average pairwise distance = 261k
± 1.5k SNPs.

Select outlier groups H and L. Averaging over pairs eliminates
fluctuations in distance which are uncorrelated to phenotype.

Average pairwise genetic distance changes with mean IQ and
IQ difference: ∼ 39 SNPs per population SD



Results
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Genetic distance: architecture from geometry

These two genotypes have a relative Hamming distance of 2:

{+ + + + � + + + + + + + +} vs {+ + + + + + + + + + � + +}

These two genotypes have a relative Hamming distance of 6:

{+ + � + + + + + � + + � +} vs {+ + + + + � � + + + � + +}

More � alleles means greater Hamming distance.

Note we’ve made the assumption that (+) is common (MAF
> 0.5) and � is uncommon (MAF < 0.5). Otherwise, more (+)
alleles would mean greater Hamming distance.



Genetic distance: architecture from geometry

Real genomes are diploid.

Simplest distance measure, analogous to Hamming distance:

AA AA 0
AA Aa 1
AA aa 2

Can also weight by factors of MAF or standardize to obtain
different distance measures (e.g., relatedness).



Genetic distance: architecture from geometry

High IQ Low IQ

Low IQ = more rare (−) variants. Larger genetic distances
between individuals. Similar results for height.



Additive model

n+ minor alleles with (+) effect on intelligence (MAF < 0.5).
n� minor alleles with (−) effect on intelligence (MAF < 0.5).

Result d(LL) > d(HH) implies that

n� > n+

Plausible that
n� � n+



Simplified additive model: spherical cow

(1) N causal variants, ALL minor alleles have (−) effect on IQ
(n+ = 0; n� = N)

(2) Typical MAF < 0.1

(3) Binomial distribution: 1 SD ∼ (0.1 N)1/2

For N ∼ 10k, get 1 SD change in intelligence per 30 extra (−)
variants.



Selection and MAF distribution



Selection and MAF distribution
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(A): positive selection on (+) 
alleles, negative on (-) alleles

(B): Accumulation of (+) alleles near p=1; 
minor allele is (-);   n+ << n-



MAF distributions

Distribution of associated alleles dominated by MAF < 0.1.

Left: contributions to H–L genetic distance by MAF. Right:
density of SNPs on chip.



MAF distributions

Modulo statistical errors, can extract

n(p) = density of associated SNPs

Result consistent with “L shape” suggested by population
genetics models.

n(p)

p 0.5

Figure 3: After attempting to standardise the di↵erences and making them proportional to N SNPs. To save time the
sd of d (di↵erence in distances between HH, LL and HL groups) was computed as follows. The sds of distances within
a MAF group was obtained and divided by root(N), where N is the number of unique individuals (either 900 or 1800).
The sd of d (derived by LL - HH or HL - HH) was obtained by combining the sd of the two samples (for example by
root(varHH + varHL)). d was then divided by this estimate of sd and multiplied by a correction for number of SNPs
per group assuming a total of 20000 SNPs (20000/N SNPs per group).
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MAF LL LL sd HH HH sd HL HL sd n SNPs
0.02 275.47 26.00 273.46 26.00 274.47 26.00 4537.00
0.04 1547.20 59.00 1541.13 61.00 1544.18 60.00 13362.00
0.06 3724.74 88.00 3718.75 90.00 3721.90 89.00 20442.00
0.08 6137.47 112.00 6136.38 112.00 6137.21 112.00 25203.00
0.10 7799.88 124.00 7786.25 127.00 7793.43 125.00 25973.00
0.12 9031.86 127.00 9022.47 128.00 9027.54 127.00 25608.00
0.14 9774.56 131.00 9765.97 130.00 9770.52 130.00 24410.00
0.16 10391.47 127.00 10388.47 131.00 10390.31 129.00 23399.00
0.18 11045.07 129.00 11043.22 134.00 11044.45 131.00 22831.00
0.20 11246.91 128.00 11238.70 129.00 11243.26 128.00 21633.00
0.22 11848.26 131.00 11838.76 131.00 11843.75 130.00 21439.00
0.24 11906.99 128.00 11905.71 130.00 11906.64 128.00 20454.00
0.26 12197.06 127.00 12194.00 131.00 12195.77 128.00 20047.00
0.28 12350.46 128.00 12341.58 129.00 12346.42 128.00 19542.00
0.30 12329.35 129.00 12321.04 130.00 12325.65 129.00 18881.00
0.32 12936.18 134.00 12929.25 133.00 12933.05 133.00 19259.00
0.34 12872.64 131.00 12868.79 134.00 12871.08 132.00 18714.00
0.36 12764.60 130.00 12760.30 131.00 12763.05 129.00 18184.00
0.38 13025.01 134.00 13015.68 136.00 13020.87 134.00 18234.00
0.40 12976.53 133.00 12979.71 133.00 12978.44 132.00 17923.00
0.42 13014.03 132.00 13009.74 131.00 13012.32 131.00 17767.00
0.44 12829.52 135.00 12830.55 134.00 12830.64 134.00 17361.00
0.46 13384.46 139.00 13380.45 140.00 13383.27 139.00 17991.00
0.48 13210.91 140.00 13208.43 140.00 13210.37 139.00 17682.00
0.50 13049.71 136.00 13052.08 138.00 13051.43 136.00 17435.00

Table 2: Hamming distances and sds with MAF category

Unresolved issues. Why does the hamming distance seem to increase with MAF? Is the sd of hamming distance
truly lower at lower MAF?
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Implications of low MAF: missing heritability

GCTA: heritability on chip is roughly h2
∼ 0.5. (Specifically, 0.56

for ALSPAC.)

But, expect larger total additive heritability, perhaps even
h2
≈ 0.8 !

Yang et al. 2010: causal variants at low MAF are poorly tagged
by chip; if MAF of many causal variants < 0.1, can recover
”missing heritability”.



Implications of low MAF: epistasis, additivity and all
that

Why is most of the variance additive? Where is the epistasis
that our wet lab colleagues see every day?

If most causal variants are rare (e.g., MAF < 0.1), then when
two individuals differ at a locus we likely find AA vs Aa. Very
few individuals are aa.

Therefore, even if the effect of aa is not twice that of Aa
(non-additivity or non-linearity), the relative size of population
level non-additive effects is still small – suppressed relative to
additive effects by of order MAF.

(Similar argument for gene-gene interactions, etc.)



Geniuses and Giants: Fewer deleterious alleles.

(A) 39 SNPs per SD of IQ suggests roughly 10k causal variants.

(B) Exceptional cognitive ability = of order 100’s fewer rare (−)
variants than an average person.

Many caveats to estimate (A); uncertainty in (B) is smaller due
to SD ∼

√
N.

Toy model: 10k causal variants, typical MAF = 0.1 : average
person has ∼ 1000 randomly distributed (−) variants; little
overlap between individuals in locations of (−)’s. A genius or
giant has ∼ 100 fewer (−) alleles: ∼ 900 (−) variants in total.


